m 



< 



Representations and module-extensions of 

horn 3-Lie algebras 



Yan Liu, Liangyun Chen, Yao Ma 



^^ ■ School of Mathematics and Statistics, Northeast Normal University, 
^ '■ Changchun 130024, China 

[^ ', Abstract 

(N 



In this paper, we study the representations and module-extensions of horn 3-Lie alge- 
bras. We show that a linear map between hom 3-Lie algebras is a morphism if and only if 
its graph is a hom 3-Lie subalgebra and show that the derivations of a hom 3-Lie algebra 
is a Lie algebra. Derivation extension of hom 3-Lie algebras are also studied as an appli- 
cation. Moreover, we introduce the definition of T^-extensions and Tg*-extensions of hom 
3-Lie sub-algebras in terms of modules, provide the necessary and sufficient conditions for 
2fc-dimensional metric hom 3-Lie algebra to be isomorphic to a Tg-extensions. 
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m ■ 1 Introduction 

3-Lie algebras are special types of n-Lie algebras and have close relationships with many 
/\ . important fields in mathematics and mathematical physics[6,7,10]. The structure of 3-Lie 

c^ , algebras is closely linked to the supersymmetry and gauge symmetry transformations of 

the world-volume theory of multiple coincident M2-branes and is applied to the study 
of the Bagger-Lambert theory. Moreover, the n-Jacobi identity can be regarded as a 
generalized Plucker relation in the physics literature. 

A Hom-Lie algebra is a triple (L, [■,-]2,,a), where a is a linear self-map, in which 
the skewsymmetric bracket satisfies an a-twisted variant of the Jacobi identity, called 
the Hom- Jacobi identity. When a is the identity map, the Hom- Jacobi identity reduces 



Corresponding author(L. Chen): chenly640@nenu.edu.cn. 

Supported by NNSF of China (No. 11171057), Natural Science Foundation of Jilin province (No. 
201115006), Scientific Research Foundation for Returned Scholars Ministry of Education of China and 
the Fundamental Research Funds for the Central Universities. 



to the usual Jacob! identity, and L is a Lie algebra. The notion of horn-Lie algebras 
was introduced by Hartwig, Larsson and Silvestrov to describe the structures on certain 
deformations of the Witt algebra and the Virasoro algebra [12]. Hom-Lie algebras are 
also related to deformed vector fields, the various versions of the Yang-Baxter equations, 
braid group representations, and quantum groups [7,18,19]. 

In this paper we give the definition of hom 3-Lie algebra, and construct new hom 
3-Lie algebras from an existing hom 3-Lie algebra (L, [-, -, ■]l,q;) by adding L-module A 
to L. Specializing to the case A = L*, the dual space of L, we obtain the analogue 
of T*-extension for hom 3-Lie algebras. We then investigate their relationships to even 
dimensional metric hom 3-Lie algebras. 

The paper is organized as follow. In Section 2 after giving the definition of hom 
3-Lie algebras, we show that the direct sum of two hom 3-Lie algebras is still a hom 
3-Lie algebra. A linear map between hom 3-Lie algebras is a morphism if and only if its 
graph is a hom 3-Lie subalgebra. In section 3 we study derivations of multiplicative hom 
3-Lie algebras. For any nonnegative integer k, we define a^-derivations of multiplicative 
hom 3-Lie algebras. Considering the direct sum of the space of a- derivations, we prove 
that it is a Lie algebra (Proposition 3.3). In particular, any a-derivations gives rise to a 
derivation extension of the multiplicative hom 3-Lie algebras {L, [■, -, ■]l, Q;)(Theorem 3.5). 
In Section 4 we give the definition of representations of multiplicative hom 3-Lie algebras. 
We show that one can obtain the semidirect product multiplicative hom 3-Lie algebras 
{L © V, [■, ■, ■]pA, a + A) associated to any representation pA on V of the multiplicative 
hom 3-Lie algebras (L, [-, -, -Jl, a) (Proposition 4.2). We also describes module extensions 
(associated with a 3-cocycle) of hom 3-Lie algebras. In Section 5, T^-extensions of hom 
3-Lie algebras is studied. 

2 Hom 3-Lie algebra 

Definition 2.1. (1) A hom 3-Lie algebra is a triple {L, [■, -, ■]L,tt) consisting of a vector 
space L, a 3-ary skew- symmetric operation [■, ■, ■]l : A^L — )■ L and a linear map a : L ^ L 
satisfying 

[a{x), a{y), [u, v, w]l]l = [[x, y, u]l, a{v), a{w)]L + [a{u), [x, y, v]l, a{w)]L 

+ [a{u),a{v),[x,y,w]L\L- (1) 

where x, y, u,v,w & L, the identity (1) is called the hom-Jacobi identity. 

(2) A hom 3-Lie algebra is called a multiplicative hom 3-lie algebra if a is an algebraic 
morphism, i.e. for any x,y,z E L, we have a{[x,y,z]L) = [o:{x),a{y),a{z)]L. 

(3) A hom 3-Lie algebra is called a regular hom 3-Lie algebra if a is an algebra 
automorphism. 

(4) A sub-vector space I (1 L is a hom 3-Lie sub-algebra of (L, [-, -, ■]l, «) if a{I) C J 
and I is closed under the bracket operation [■, ■, ■]l, i-c. [/,/, /]l G /. I is called a hom 
3-Lie algebra ideal of L if [J, L, L]^ C /. 



If q; = Id in Definition 2.1, then (L, [-, -, ■]/,, a) is a 3-Lie algebra [8]. 

Consider the direct sum of two hom 3-Lie algebras, we have 

Proposition 2.2. Given two hom 3-Lie algebras (L, [-, -, -j^,, a) and (F, [-, -, -Jp, /?), there 
is a hom 3-Lie algebra (L©r, [-, -, ■]L®r, « + /?), where the 3-ary skew-symmetric operation 

[-, -, -JLer : /\'^{L © T ^ L © T) is given by 

[Ui + Vi,U2 + V2,U3 + Vs]^^-^ = [ui,U2,U3]^+ [vi, V2, V3]^,WUi E L,Vi ^ T, 

and the linear map (a + /3) : L © F — )> L © F is given by 

{a + (5){u + v) = a{u) + (3{v),\/u e L,v eT. 

Proof. It is clear by Definition 2.1. D 

Definition 2.3. Let {L, [■, -, •]l,q;) and (F, [-, -, -jvif^) be two hom 3-Lie algebras. A mor- 
phism 4> : L ^T is said to be a morphism of hom 3-Lie algebras if 

0[m, w, w]l = [0(m), (piv), 0(w)]r, Vm, v,w e L, (2) 

(/) o a = a o (p. (3) 

Denote by (5^ G L © F be the graph of a linear map (p : L ^ T. 

Proposition 2.4. A linear map : (L, [-, -, -j^,, a) — )■ (F, [-, -, -jr,/?) is a morphism of 
hom 3-Lie algebras if and only if the graph &^ G L (B T is a hom 3-Lie sub-algebras of 

(L©F,[-,-,-]ier,tt + /3). 

Proof. Let : (L, [-, -, ■]l, a) — )■ (F, [-, -, -jr, /?) be a morphism of hom 3-Lie algebras. 
For any u,v,w G L, we have 

[u + (l){u),v + (l){v),w + 0(w)]Ler = [u, v, w]l + [0(m), (p{v), 0(w)]r = [u, v, w]l + 0[m, v, w]l. 

Then the graph t3^ is closed under the bracket operation [-, -, ■]Le>r- Furthermore, by (2), 
we have 

(a + /?)(« + 0(m)) = a{u) + /3 o 0(m) = q;('u) + o a;(-u), 

which implies that {a + f3){&^) C 0^. Thus 0,^ is a hom 3-Lie algebras of 

(L©F,[-,-,-]Ler,« + /3). 

Conversely, if the graph &^ C L©F is a hom 3-Lie subalgebras of (L©F, [■, ■, ■]LQ,r, «+ 
(3), then we have 

[u + 0(m), t; + 0(t^), w + 0(w)]Ler = [u, v, w]l + [0(m), 0(1^), 0(w)]r G <S</„ 

which implies that 

[0(m), 0(t;), 0(w)]r = 0[m, t^, w]l. 
Furthermore, {a -\- /3)(C50) C &^ yields that 

{a + (3){u + 0(m)) = a{u) + (3 o 0(m) e (S^, 

which is equivalent to the condition /3 o 0(-u) = o «(«), i.e. /3 o = o a. Therefore, C*,^ 
is a morphism of hom 3-Lie algebras. D 



3 Derivations of horn 3-Lie algebras 

Let {L, [-, -, ■]l,C() be a multiplicative horn 3-Lie algebra. For any nonnegative integer k, 
denote by a'' the /c-times composition of a, i.e. 

a'^ = a o ■ ■ ■ o a {k — times). 

In particular, a^ = Id and a^ = a. If {L, [-, -, -jija) is a regular hom 3-Lie algebra, we 
denote by a"'' the /c-times composition of a^, the inverse of a. 

Definition 3.1. For any nonnegative integer k, a linear map D : L ^ L is called an 
a'^ -derivation of the multiplicative hom 3-Lie algebra {L, [-, ■, ■]L,a), if 

[D,a] = 0, i.e. Doa = aoD, (4) 

and 

D[u,v,w]l = [D{u),a''{v),a''{w)]L + [a\u),D{v),a\w)]L 

+ [a''{u),a''{v),D{w)]L,\fu,v,w E L. (5) 

For a regular hom 3-Lie algebra, a^^ -derivations can be defined similarly. 

Denote by Der^(L) the set of a^- derivations of the multiplicative hom 3-Lie algebra 
(L, [■,-,-]i,a). For any Ui,U2 G L satisfying a{ui) = Ui,a{u2) = U2, define adfc(-Ui,-U2) : 
L ^ L by 

&dk{ui,U2){v) = [ui,U2,a''{v)]L,yv G L. 

Then adk{ui,U2) is an a'^^^- derivation, which we call an inner a'^^^- derivation. In fact, 
we have 

iidk{ui,U2){a{v)) = [ui,U2,a''^'^{v)]L = a{[ui,U2,a''{v)]L) = a o adk{ui,U2){v), 

which implies that (4) in Defition 3. 1 is satisfied. On the other hand, we have 

lidk{ui,U2){[vi,V2,V^]L) 

= [ui,U2, a''{[vi,V2, V3]l)]l = [a{ui), a{u2), [a''{vi), a''{v2, a''{v3]L]L 
= [[Ml, M2, a^K)]L, a''^\v2), a''+\vs)]L + [a'^+^K), [mi, ^2, a\v2)]L, «^+^(^^3)]l 
+ [a''+\vi),a''-^\v2),[ui,U2,a\v3)]L]L 

[a''^\vi),adk{ui,U2){v2),a''^\v3)iL 



[a^dk{ui,U2){vi),a^^\v2),a^^\v3)]L + [a^^\vi),a.dk{ui,U2){v2),a''+^{v3)]i 



+ [a^+\vi),a^+\v2),3.dk{ui,U2){y3)]i 

Therefore, adfc('Ui,-U2) ^s an a^^^ -derivation. Denote by Inn^fc(L) the set of inner a^- 
derivations, i.e. 

InnQ,fe(L) = {[ui,U2,a''''^{-)]L\ui,U2 G L,a{ui) = {ui),i = 1,2}. (6) 

In particular we use ad represent ado- 



For any D G DerQ,fc(L) and D G DerQ,s(L), define their commutator [D^D ] as usual: 

[D,D'] = DoD' -D' oD. (7) 

Lemma 3.2. For any D G Der ^k{L) and D G DerQs(L), t(;e have 

[D,D'] GDer^.+s(L). 

Proof. For any u,v,w G L, we have 

= /^([/^'(m), a^(t;), a%w)]L + [a'iu), D'{v), a'{w)]L + [a-\u), a%v), D' {w)]l) 
-D'{[D{u), a'iv), a^H]L + [a''{u), D{v), a''{w)]L + [a'{u), a'iv), D{w)]l) 

= [Do d'{u), a^+\v), a''+'{w)]L + [a^ o d' {u), D o a'{y), a''+'{w)]L 
+ [a^ o d\u), a^+\v), D o a\w)]L + [Do a\u), a^ o d\v), a^^\w)]L 
+ [a^^'{u), D o d\v), a''^\w)]L + [a^^'{u), a'' oD'{v),Do a'{w)]L 
+ [D o a'iu), a^+'(t;), a'' o D' {w)]l + [a'^+'H, /^ o a'iv), a'' o ^'(w)]^ 
+ [a''+\u), a'+^v), D o Z}'(t^)]^ - [D' o D^, a'^+^lt;), a''+%w)]L 
-[a' o D(m), d' o a''{v), a''+%w)]L - [a' o D{u), a''+%v), D' o a''{w)]L 
-[D' o «'=(«), a^ o D{v), a^^\w)]L - [a^^'{u), D' o D{v), a^^\w)]L 
-[a^+'{u), a' o D{v), D' o a\w)]L - [D' o «'=(«), a''+'{v), a' o D(w)]i 
-[a'^+^(M), D' o a'=(t;), a^ o D{w)]l - [a''+'{u), a''+'{v), D' o D{w)]l. 

Since D and D satisfy 



we have 
Then 



Doa = aoD,D o a = a o D , 
D o a' = a' o D, D' o a'' = a'' o d' . 

[D,D']i[u,v,w]L) 
= [Do d'{u) -D' o D{u), a^^\v), a^^'{w)]L 

+ [a^+'{u), D o d\v) -D' o D{v), a^+'{w)]L 

+ [a''+'{u), a'^+'iv), D o d' (w) - D' o D{w)]l 
= [[D, D']{u), a'+'iv), a'+%w)]L + [a'^^u), [D, D']{v), a'+%w)]L 

+ [a''^%u),a'^%v),[D,D']iw)U. 

Furthermore, it is straightforward to see that 

[D,D']oa = DoD'oa-D'oDoa 
= aoDoD— aoDoD 
= ao[D,D'], 

which yields that [D,D] G Der^fc+s(L). D 



Denote by 

Der(L) = ©fc>oDer„.(L). (8) 

By Lemma 3.2, we have 

Proposition 3.3. With the above notations, DeT(L) is a Lie algebra, in which the Lie 
bracket is given by (7). 

Remark 3.4. Similarly, we can obtain a Lie algebra ©jfcDer^fc(L), where k is any integer, 
L is a regular horn 3-Lie algebra. 

At the end of this section, we consider the derivation extension of the muhiphcative 
hom 3-Lie algebra {L, [-, -, , ■]l, a) and give an apphcation of the a-derivation DerQ,(L). 

For any hnear map D : L ^ L, consider the vector space L © M.D. Define a 3-ary 
skew-symmetric operation [■,-,-]i on L (B MD by 

[u + ID, V + mD, w + nD]£) = [u, v, w, ]l + lD{v) + mD{w) — nD{u), 

[u,v,w]d = [u,v,w]l, [D,u,v]d = [v,D,u]d = -[u,v,D]d = D{u),\fu,v,w G L. 
Define a hnear map a : L (B WD — )• L © WD hj a {u + D) = a{u) + D, i.e. 

a 



"•01 

Theorem 3.5. With the above notations, {L (BWD,[-,-,-]ij,a) is a multiplicative hom 
3-Lie algebra if and only if D is an a- derivation of the multiplicative hom 3-Lie algebra 

(L, [■,-,-]L,a). 

Proof. First, for any u,v,w & L, l,m,n & M, we have 

a {[u + ID, V + mD, w -\- nD]^) = a {[u, v, w, ]l + lD{y) + mD(w) — nD{u)) 
= a{[u, V, w]l) + la o D{v) + ma o D{w) — na o D(u) 

and 

[a {u + ID), a (y + mD), a {w + nD)]^ = [a{u) + ID, a{v) -\- mD, a{w) -\- nZ^jo 
= [a{u), a{v), a{w)]L + ID o a{y) + mD o a{w) — riD o a{u). 

Since a is an algebra morphism, a is an algebra morphism if and only if 

D o a = ao D. 

On the other hand, we have 

[a (yx), a (D), [u, v, w]d]d = [a{x), D, [u, v, w]d]d 
= [[x, D, u]d, a{v), a{w)]D + [a{u), [x, D, v]d, a{w)]D + [a{u), a{v), [x, D, w]d]d 
= [D{u), a{v), a{w)]D + [a{u), D{v), a{w)]D + [a{u), a{v), D{w)]d. 

6 



It is obvious that the horn- Jacobi identity is satisfied if and only if the following condition 
holds 

D[u, V, w]d = [D{u), a{v), a{w)]D + [«(«), D{v), a{w)]D + [a{u), a{v), D{w)]d- 

So (L © RD, [■,■,■]£), a ) is a multiplicative horn 3-Lie algebra if and only if D is an 
a-derivation of (L, [-, -, ■]l, a). D 



4 T^-extension of horn 3-Lie algebras 

In this section, we study representations of multiplicative hom 3-Lie algebras. We also 
prove that one can form semidirect product multiplicative hom 3-Lie algebras when given 
representations of multiplicative hom 3-Lie algebras. Let {L, [-, -, -Jl, a) be a multiplicative 
hom 3-Lie algebra and V be an vector space. Let A G gl{V) be an arbitrary linear 
transformation from V to V^. 

Definition 4.1. A representation of multiplicative hom 3-Lie algebra (L, [-, -, -j^,, a) on 
the vector space V with respect to A E gl{V) is a bilinear map pA '■ L ^>- gl{V), such that 
for any x, y,z,u E L, the basic property of this map is that: 

PA{a{u),a{v))o A = Ao pa{u,v), (9) 

PA{[x,y,z\,a{u))oA 

= pA{a{y), a{z))pA{x, u) + PA{a{z), a{x))pA{y, u) + pA{a{x), a{y))pA{z, u), (10) 

PAia{x),a{y))pAiz,u) 

= pAia{z), a{u))pA{x, y) + Pa{[x, y, z], a{u)) oA + pAioi{z), [x, y,u])o A. (11) 

then {V, Pa) is called a representation of L, or V is an L-module. 

As an example, let pA{x,y) = ad{x,y) for all x,y G L. Then (L, ad) is an L- 
module, called the adjoint module of L. If {V, pa) is an L-module, then the dual space 
V* of V is an L-module in the following way. For f G V*,v G V,x,y,E L, define 
p\ : LAL — > Endiy*). 

p*Aix,y)if)iv) = -fipAix,y)iv)). (12) 

We call the V* the dual module ofV. 

In the case of Lie algebras, we can form semidirect products when given representa- 
tions. Similarly, we have 

Proposition 4.2. Given a representation pA of the multiplicative hom 3-Lie algebra 
{L,[-,-,-]L,a) on the vector space V with respect to A E gK^)- Define a 3-ary skew- 
symmetric bracket operation [■,-,-]pA '■ A^{L Q)V) -^ L (BV by 

[u + X,v + Y,w + Z]pA = [u,v,w]l + Pa{u,v){Z) + pa{w,u){Y) + pAiv,w){X), (13) 



Define a + A: L®V-^L®V by 

{a + A){u + X) = a{u) + AX. 

Then (L © V, [-^-j-jpAjQ + A) is a multiplicative horn 3-Lie algebra, which we call the 
semidirect product of the multiplicative hom 3-Lie algebra (L, [-, -, -j^,, a) and V. 

Proof. First we show that a + A is an algebra morphism, On one hand, we have 

{a + A){[u + X,v + Y,w + Z]pa) 
= {a + A){[u,v,w]l + Pa{u,v){Z) + pa{w,u)(Y) + pa{v,w){X)) 
= a{[u,v,w]L) + Ao pa{u,v){Z) + Ao pa{w,u)(Y) + Ao pa{v,w){X). 

On the other hand, we have 

[{a + A){u + X), {a + A){v + Y), {a + A){w + Z)]pA 
= [a{u) + AX, a{v) + AY, a{w) + AZ]p^ 
= [a{u), a{v), a{w)]L + pa(«(m), Oi{v)){AZ) + Ao pA{a{w), a{u)){AY) 

+AopA{a{v),a{w)){AX). 

Since a is an algebra morphism, pA and A satisfy (9), it follows that a + A is a morphism 
with respect to the bracket to [■, ■, ■]pA- It is not hard to deduce that 

[{a + A){vi + Fi), (a + A){v2 + Y^), [ui + Xi,U2 + X2,u^ + X^]pA]pA 
= [a{vi), a{v2), [ui, U2, u^]l\l + pA{a{vi), a{v2))pA{ui, U2){X^) 

+PA{a{vi),a{v2))pA{u'i,Ui){X2) + pA{a{vi),a{v2))pA{u2,u^){Xi) 
+Pa{[ui, U2, M3]l, (^{vi)) O A{Y2) + PA{a{v2), [Ul, U2, u^]l) o A{Yi), 

[[vi + Y^,V2 + Y2,u^ + X^]pA, (a + A){u2 + X2), (a + A){u^ + X^)]pA 
= [K, ^2, Mi]l, Oi{u2), a{us)]L + Pa{[vi,V2, ui]l, a{u2)) O ^(Xg) 

+PA{a{u3), [vi,V2,Ui]l) oA{X2) + pA{a{u2),a{u3))pA{vi,V2){Xi) 
+pAioi{u2), a{u^))pAiui,Vi)(Y2) + pAia{u2),a{us))pAiv2,ui)iYi), 

[{a + A){ui + Xi), [vi + Yi,V2 + Y2,U2 + ^2]^^, (a + A){u^ + X^)\pA 

= [a{ui), [vi,V2, U2]l, Ct{u3)]pA + pAia{ui), K, t^2, U2]l) ° M^s) 

+pAi[Vl,V2, U2]l, "(ms)) O ^(^1) + pAic^iUs), «(Mi))PaK, ^^2) (^2) 

+PA{a{u3),a{ui))pA{u2,vi){Y2) + pA{a{u3),a{ui))pA{v2,U2)(Yi), 

[{a + A){u, + Xi), {a + A){u2 + X2), K + Yi,V2 + 1^2, % + ^slp^lpA 
= [a{ui),a{u2), [V1,V2, U3]l]pa + pA{a{ui),a{u2))pA{vi,V2){X3) 

+pAioi{Ui),a{u2))pA{u3,Vi)(Y2) + PA(a(Ml), tt(M2))PA(^^2, %) (>^l) 

+Pa{[vi,V2, MsIl, a{ui)) o A{X2) + pAia{u2), K, ^^2, U2]l) o ^(^l)- 



By (11), we have 



PA{a{Vl),a{v2))pA{ui,U2){X3) 
= pAia{Ui),a{u2))pAiVi,V2)iX3) + pAi[Vl,V2,Ui\L,a{u2)) O ^(Xa) 
+PA{a{ui), [t^l, W2, U2]l) o A{X3). 

Similar, we have 

[{a + A){vi + Yi), {a + A){v2 + Y2), [ui + Xi,U2 + X2,M3 + ^slp^lpA 

= [[Vi + Yi,V2 + ^2,^1 + Xl]pA, (« + A){U2 + X2), (a + A)(m3 + X3)]pA 

+ [(a + A) (Ml + Xi), [vi + Yi,V2 + F2, U2 + X2]pA, (a + A){u3 + Xs)]^^ 
+ [(a + A){ui + Xi), (a + A){u2 + X2), ^ + Fi, t;2 + F2, M3 + ^3]^^]^^- 

The hom-Jacobi identity is satisfied. Thus, (L©\/, [■, ■, -Jp^, « + A) is a multiphcative horn 
3-Lie algebra. D 

Definition 4.3. Let (L, [■, -, ■Jl,^) ^e a /iom S'-Lie algebra and {V, pa) be an L-module. If 
9: LALAL^Visa 3-linear mapping and satisfies, for every x, y, z,u,v G L, 

9{[x, u, v]l, a{y),a{z)) + 9{[y, u, v]l, a{z),a{x)) + 9{a{x), a{y), [z, u, v]l) 
-9{[x, y, z]l, a{u), a{v)) + pA{a{y),a{z))9{x, u, v) + pAia{z), a{x))9{y, u, v) 
+PAia{x), a{y))9{z, u, v) - pAioi{u), a{v))9{x, y, z) = 0. (14) 

then 9 is called a 3-cocycle associated with pa- 

Cocycles are a fundamental concept in the theory of cohomology of Lie algebras. 
Using 3-cocycles, we are able to construct new hom 3-Lie algebras by adding L-modules 
as follow. 

Lemma 4.4. Let (L, [-, -, -Jl, a) he a hom 3-Lie algebra and (K, pa) he an L-module. Define 

a + A: L®V ^ L®V by 

{a + A){x + f)= a{x) + A o /, 

and f E V is compatible with a and A in sense that Ao f = f o a. If9: LALAL^V 
is a 3-cocycle, then {L © V, [■,-,-]0,a + A) is a hom 3-Lie algebra under the following 
multiplication: 

[xi +yi,x2 + y2,x3 + y3\0 

= [Xi, X2, XsIl + 9{xi, X2, X3) + pA{xi,X2){y3) + PA{x3,Xi){y2) + Pa{x2, X3){yi) (15) 

where a;i, 0:2, X3 E L and yi, 1/2, 1/3 £ V. 

Proof. It is easy by virtue of a routine computation. D 



Definition 4.5. Denote the horn 3-Lie algebra {L © V, [■, ■, -je, a + A) by Tg{L), Tq{L) is 
called the Tg-extension of {L, [■, -, ■]l, «) by the L-module V . 

Lemma 4.6. Let {L, [-, -, ■]l,q;) be a horn 3-Lie algebra and {V,pa) be an L-module. For 
every linear mapping f : L ^ V , the ternary skew- symmetric mapping 9^: L/\L/\L^V 
given by 

^f{x^ y^ z) = f{[x^ y^ z]l) - Pa{x, y)f{z) - pa{z, x)f{y) - pA{y, z)f{x), (16) 

for all x,y,z G L, is a 3-cocycle associated with pA- 

Proof. A tedious caculation shows that, for every x, y, z,u,v & L, 

9f{[x, u, v]l, a{y), a{z)) + Of^y, u, v]l, a{z), a{x)) + ef{a{x),a{y), [z, u, v]l) 
-Of{[x, y, z]l, a{u), a{v)) + pA{a{y), a{z))9f{x, u, v) + pA{a{z), a{x))9f{y, u, v) 
+PA{a{x), a{y))9f{z, u, v) - pA{a{u), a{v))9f{x, y, z) = 0. (17) 

It follows that 9 is called a 3-cocycle associated with Pa- □ 

Theorem 4.7. Let (L, [-, -, ■]/,, a) be a hom 3-Lie algebra and {V, pa) be an L-module. 
then for every linear mapping f : L ^ V , 

a : Tg{L) -)> Tg+g^{L),a{x + v) = x + f{x) +v, x e L,v eV, 

is a hom 3-Lie algebra isomorphism. 

Proof. It is clear that cr is a bijection. Next, for every a;i,a;2,a:3 G L, t>i,t;2,f3 G V, 

a{[xi + t;i, a;2 + V2, X3 + Vs]e) 

= a{[xi,X2,Xs]L + dixi,X2,X3) + pAi^i, X2)ivs) + pAix^, Xi){v2) + Pa{x2, X3)ivi)) 
= [xi,X2,X3]l + 9{xi,X2,X3) + f {[xi, X2, X^Jl) + Pa{xi, X2){v3) + Pa{x3, Xi){v2) 

+Pa{x2,Xs){vi). 
On the other hand 

[a{xi + vi), a{x2 + V2), or{xs + v^)]e+0_^ 

= [Xi + f{xi) + t;i, 0:2 + /(X2) + V2, Xs + fix^) + V3]g+0_^ 

= [xi,X2,X3,]l + {9 + 9f){xi,X2,X3) + Pa{xi, X2){f {x^)) + Pa{xi, X2){V3) 

+pA{x3,Xi){f{x2)) + Pa{x3,Xi){v2) + Pa{x2, Xs)ifixi)) + Pa{x2, X3){vi) . 

By (16), we have 

a{[xi +Vi,X2 + V2,Xs + Vs]e) = Wixi + vi), a{x2 + V2), (t{x3 + v^)]e^ej.. 

n 
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5 T^*(L)-extension of metric horn 3-Lie algebras 

The method of T*-extension has aheady been used for 3-Lie algebras in [8, 14]. Now we 
will generalize it to hom 3-Lie algebras. 

Note that every hom 3-Lie algebra (L, [-, -, ■]l^ a) is an L-module with respect to the 
adjoint representation ad : L A L — > End{L), ad(x, y){z) = [x, y, z]l for every x,y,z E L. 
By (12), ad*{x,y) : L A L ^ End{L*) is given by 

^d*ix,y)if)iz) = -fi[x,y,z]L), (18) 

for all x,y,z E L, f E L*, then (L*,ad*) is an L-module, called the coadjoint module of 
L. It follows from Lemma 4.4 that, for each 3-cocycle 6 : L A L A L ^ L* associated with 
ad*, the extension Tq{L) = L ® L* provided with the following bracket and linear map 
defined respectively by 

[Xi + fi,X2 + f2,X2. + h]e = [xi,X2,X3,]l + 9{Xi,X2,X3) +ild*{xi,X2){f3) 

+ad*{x3,xi){f2) + ad*{x2,X3){fi), (19) 

a {x + f) = a{x) + f o a,Wxi E L, fi E L*,i = 1, 2, 3. 
Then (L © L*, [■, ■, -Je, a ) is a hom 3-Lie algebra. 

Definition 5.1. The hom 3-Lie algebra (L © L*, [■, ■, -jg, a ) is called the Tq -extension of 

(L, [■,-,-]L,a). 

Definition 5.2. Let L be a hom 3-Lie algebra over a field K. We inductively define a 
derived series 

(L("))„>o : L(°) = L, L("+i) = [L^^\ L^^\ L], 

a central descending series 

{L)n>o'-L = L, L" =[L",L,L], 
and a central ascending series 

(a(L))„>o : Co(L) = 0,C„+i(L) = C(C„(i:)), 

where C{I) = {a E L\[a, L, L] C J} for a subspace I of L. 

L is called solvable and nilpotent(of length k) if and only if there is a smallest integer 
k such that L^''^ = and L^ = 0, respectively. 

Theorem 5.3. Let (L, [-, -, -j^,, a) be a hom 3-Lie algebra. If L is solvable, then every 
Tq{L)- extension of {L, [■, ■, -j^,, a) is solvable. If L is nilpotent, so is Tg{L). 

Proof. Let (L, [-, -, -j^,, a) be solvable and L^^^ = [L^^^^\ L^^^^\ L] = for some 
nonnegative integer s. For each 3-cocycle 6 : LALAL ^ L* associated with ad*, by (19), 
we have 

T;(L)(i) C [L, L, L]l + [L, L, L*]e = L' + [L, L, L*]e C L' + L* 
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and f{L) C f{L^) for / G [L,L,L*]0. Inductively, we have 

T;(L)('^) C [T;{lY''-^\t;{lY'"^\L(B L*]e = L^^'^ + L* . 

Since L^"'' = and L* is an abelian ideal of Tq{L), we obtain that Tg* (L)(''+^) = 0. It 
follows that Tg{L) is a solvable hom 3-Lie algebra. 

If (L, [-, -, -Jl, a) is nilpotent with L* = 0, a similar discussion yields that 

T;(L)«C[L,L,L]i + [L*,L,L]e, 

T;(L)(^'+i) C L^ + [L, L, [■ ■ ■ [L, L, L*],],, ■■■],. 

Note that for / G [L, L, [■ ■ ■ [L, L, L*]e]e, ■ ■ -je, we have /(L) C f{L''). Thus T;(L)* = 0, 
this is, Tg{L) is a nilpotent hom 3-Lie algebra. D 

Let Tg{L) = L © L* be the Tg -extension of L. Define a bilinear form ql : Tg{L) A 
T;(L)^Fby 

qL{xi + fi,X2 + f2) = fi{x2) + f2ixi),yxi E L, fi E L* , i = 1,2, (20) 

this bilinear form is non-degenerate. 

Theorem 5.4. {T0{L),qL,a ) is a metric hom 3-Lie algebra if and only if 6 satisfies 

9{xi,X2,X3){x4) + 9{xi,X2,X4){x3) = O^Xi E L,i = 1,2,3,4. (21) 

Proof. If {Tg{L), qi, a ) is a metric hom 3-Lie algebra, it follows from (19) and (20) 
that 6 satisfies (21). Conversely, if 6 satisfies (21), then by (18), for every Xi E L,fi E 
L*,i = 1,2, 3, 4, we have 

qL{[xi + fl,X2 + /2, X3 + /aje, X^ + f^) + QlUxi + fl,X2 + /2, X4 + f4]e, X3 + /s) 

= qL{[xi,X2,X3]L + 9{xi,X2,X3) + ad*(a;i, ^2) (/s) + ad*(a;3,a;i)(/2) 
+ad*(x2, X3){fi),X4 + fi) + qL{[xi, X2, X4]l + 0{xi,X2, X4) 
-had*(xi,X2)(/4) + ad*(a;4,a;i)(/2) + ad*(x2,a;4)(/i),a:3 + /s) 

= ad*(a;i,X2)(/3)(a;4) + ad*(a;3,a;i)(/2)(a;4) + ad*(x2,a;3)(/i)(a;4) 

+ f4{[Xl,X2,X3]L) +9{XI,X2,X3){X4) + nd* {xi, X2){f4){x3) + ad*(x4, OJi) (/2) (^3) 

+ad*(x2, a;4)(/i)(a;3) + /3([a;i, 0:2, X4]l) + 0{xi,X2, X4)(x3) 
= 6'(a;i,a;2,a;3)(x4) + e{xi,X2,X4){x3). 

Thus ql is ad-invariant if and only if the identity (21) holds. D 

Definition 5.5. Let {G,B,P) and {G ,B ,(5) he two metric hom 3-Lie algebras. If there 

exists a linear isomorphism a : G ^ G such that 

(^i[x,y,z]G) = [a{x),a{y),a{z)]Q' and B{x,y) = B' {a{x),a{y)) for all x,y E G. 

Then {G, B, (5) and {G ,B , (3) are called isometric. 
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Next, we describe the relationship between metric horn 3-Lie algebras of even dimen- 
sions and the T^ -extension of hom 3-Lie algebras. 

Theorem 5.6. Let {G,B,I3) be a 2k -dimensional metric hom 3-Lie algebra overF. Then 
{G, B, (5) is isometric to a Tg -extension of a hom 3-Lie algebra (L, [-, -, -J^, a) if and only 
if G contains a k-dimensional isotropic ideal I. Furthermore, L is isomorphic to G/I. 

Proof. If {G,B,f3) is isomorphic to some Tg*-extension (TQ{L),qL,a ) of a hom 3- 
Lie algebra (L, [■,■,■]/,, a) with an isometric isomorphism Tg{L) = L® L* ^ G, then 
I = cr{L*) is an isotropic ideal of G and dim/ = dimL* = k. Also, L = Tg/L* = 
a{T;{L))/a{L*) = G/I. 

Conversely, let / be a /c-dimensional abelian isotropic ideal of G. Denote by L the 
quotient hom 3-Lie algebra G/L Let p : G — )■ L be the canonical projection such that 
p{x) = X + I = X for every x E G. We can choose an isotropic complementary vector 
subspace Lq of G such that G = Lq (B I and L^ = Lq. Then (p = p\lo -^ L is a linear 
isomorphism. 

Denote by po and pi the projection G ^ Lq and G ^ I, respectively. Let 

6:I~^L*,6{i){x) =B{i,x),yieI,xeL. (22) 

As I is isotropic and B is non- degenerate on G, we see that 5 is a linear isomorphism 
from I onto L* and satisfies 

^(bi,^2,^]G)(^3) = B{[gi,g2,i]G,93) 
= -B{[gi,g2,g3]G,i) 

= -^{'^){[9i,92,93]g) 
= ^(i*{gi,g2){6{i)){gs), 

for all gi,g2,93 E G,i E I, where the ad*{x,y) : L A L — )■ End(L*) is the coadjoint 
representation of L. Therefore, 

S{[9u92,t]G) = a^d*{g-^,g-2mt)). (23) 

Set6:LALAL^L*. We have 

9{xi,X2,X3) = 6{pi{[Xi, X2, X3,]g)) ,yXi, X2, X3 G Lq. (24) 

Thanks to (22)-(24), for every x,y,z,u,v G Lq, 

= {9{[x, u, v]l, a{y), a{z)) + 9{[y, u, v]l, a{z), a{x)) + 9{a{x), a{y), [z, u, v]l) 
—9{[x, y, z]l, a{u), a{v)) + ad*(a(y), a{z))9{x, u, v) + ad*(Q;(^), a{x))9{y, u, v) 
+ad*(Q;(a;), a{ii))9{z,u,v) — ad* («(«), a{v))9{x,y, z)){w), (25) 
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which shows that ^ is a 3-cocycle associated with ad*. Then we get a Tg -extension 
Tq{L) = L (B L* oi L with the following multiplication: 

[xi + fi,X2 + f2,X3 + fsle = [xi,X2,X3]l + S{pi{[xi, X2, x^Ig)) + ad* (xi, ^2) (/a) 

+ad*(x3,Xi)(/2) + ad*(x2,X3)(/i), (26) 

for all Xi e Lq, fi e L*,i = 1, 2, 3. 
Let 

a : G = Lq® I ^Tg{L), (t(x + i) = x + S(i), \fx e Lo,i e I. 

Then a is a linear isomorphism, and for every Xi, 0:2, 0:3 G Lq, ii,i2,i3, G I, 

a{[xi +ii,X2 + i2,X3 + is]L) 
= (t{[xi,X2, X3,]l + [ii,X2, xsIl + [xi,i2, xsIl + [a:i, a;2, isIl) 

= Cr{po{[xi,X2,X3]L) + pli[xi,X2,X3\L) + [il,X2,X3]L + [Xi,i2,X3]L + [oJi, 0:2, «3]l) 
= [Xi, X2, Xs]^ + 5{pi{[xi, X2, X3]l) + [il,X2,X3]L + [xi,i2,X3]L+ [xi,X2,i3]L) 

= 'xx,X2, 0:3]^ + Q{\xx,X2, XsJl) + (5([ii, a;2, ^3]^ + [xi, ^2, x-:^l + \x\,X2, isji) 
= \xx,X2-,X'^^^ e(\xi,X2-,X'^L) + ad*(xi,:r2)(5(?3)) + ad*(x3,Xi)(5(?2)) 
+ad*(x2,:r3)((5(ii)) 

= [iCi +(5(ii),X2 + (5(i2),X3 + 5(%)]9 

= \(y{xx\i\),(y{x2\i2),<y{x3\i3)\e. 

It follows from the ad-invariance of B that for every -u, f , w, x G Lq, 

Q{u,v,w){x)^Q{u,v,x){w) = 6{pi{[u,v,w]L)ix) + 6{pi{[u,v,x]l){u) 

= B{[u,v,w]l){x) + B{[u,v,x]l){w) = 0. 

Therefore, (Tq{L), qi, a ) is a metric hom 3-Lie algebra. Also, for every x G Lq, i E I, 

qL{a{x),a{i)) = qL{x,5{i)) = (5(i)(x) = B{x,i). 

Thus {G,B,I3) is isometric to (Tg{L),qL,a ). D 

The proof of the above theorem tell us that the 3-cocycle 6 associated with ad* 
depends on the choice of the isotropic subspace Lo{oi G) which is complementary to the 
ideal I. Different Tg*(L)-extensions of a metric hom 3-Lie algebra may lead to the same 
metric hom 3-Lie algebra. 

6 Conclusions 

This paper gives the definition of hom 3-Lie algebras and shows that the direct sum of two 
hom 3-Lie algebras is still a hom 3-Lie algebra. For any nonnegative integer k, we define 
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a*^-derivations of multiplicative horn 3-Lie algebras study derivations of multiplicative hom 
3-Lie algebras. In particular, any a-derivations gives rise to a derivation extension of the 
multiplicative hom 3-Lie algebras (L, [•, •, -Jx,, a)(Theorem 3.5). We also give the definition 
of representations of multiplicative hom 3-Lie algebras and show that one can obtain the 
semidirect product multiplicative hom 3-Lie algebras (L © V, [-, -, -jp^, a + A) associated 
to any representation pA on V of the multiplicative hom 3-Lie algebras {L, [■,-,-]L,a) 
(Proposition 4.2). In the end of the paper, we describe module extensions (associated 
with a 3-cocycle) of hom 3-Lie algebras and study Tg*-extensions (Definition 5.1)of hom 
3-Lie algebras. 
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